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CLASSIFICATION OF ABELIAN COMPLEX STRUCTURES ON
6-DIMENSIONAL LIE ALGEBRAS
A. ANDRADA, M. L. BARBERIS, AND I. G. DOTTI
ABSTRACT. We classify the 6-dimensional Lie algebras that can be endowed with an abelian complex structure
and parameterize, on each of these algebras, the space of such structures up to holomorphic isomorphism.
1. INTRODUCTION
Let g be a Lie algebra, J an endomorphism of g such that J2 = −I , and let g1,0 be the i-eigenspace of J
in gC := g ⊗R C. When g1,0 is a complex subalgebra we say that J is integrable, when g1,0 is abelian we
say that J is abelian and when g1,0 is a complex ideal we say that J is bi-invariant. We note that a complex
structure on a Lie algebra cannot be both abelian and bi-invariant, unless the Lie bracket is trivial. If G is a
connected Lie group with Lie algebra g, by left translating J one obtains a complex manifold (G, J) such
that left multiplication is holomorphic and, in the bi-invariant case, also right multiplication is holomorphic,
which implies that (G, J) is a complex Lie group.
Our concern here will be the case when J is abelian. In this case the Lie algebra has abelian commutator,
thus, it is 2-step solvable (see [17]). However, its nilradical need not be abelian (see Remark 4.7). Abelian
complex structures have interesting applications in hyper-Ka¨hler with torsion geometry (see [6]). It has
been shown in [9] that the Dolbeault cohomology of a nilmanifold with an abelian complex structure can
be computed algebraically. Also, deformations of abelian complex structures on nilmanifolds have been
studied in [10].
Of importance, when studying complex structures on a Lie algebra g, is the ideal g′J := g′ + Jg′ con-
structed from algebraic and complex data. We will say that the complex structure J is proper when g′J is
properly contained in g. Any complex structure on a nilpotent Lie algebra is proper [20]. The 6-dimensional
nilpotent Lie algebras carrying complex structures were classified in [20], and those carrying abelian com-
plex structures were classified in [12].
There is only one 2-dimensional non-abelian Lie algebra, the Lie algebra of the affine motion group of R,
denoted by aff(R). It carries a unique complex structure, up to equivalence, which turns out to be abelian.
The 4-dimensional Lie algebras admitting abelian complex structures were classified in [21]. Each of these
Lie algebras, with the exception of aff(C), the realification of the Lie algebra of the affine motion group of
C, has a unique abelian complex structure up to equivalence. On aff(C) there is a two-sphere of abelian
complex structures, but only two equivalence classes distinguished by J being proper or not. Furthermore,
aff(C) is equipped with a natural bi-invariant complex structure. In dimension 6 it turns out that, as a
consequence of our results, some of the Lie algebras equipped with abelian complex structures are of the
form aff(A) where A is a 3-dimensional commutative associative algebra.
In this article we obtain the classification of the 6-dimensional Lie algebras that can be endowed with
an abelian complex structure. Moreover, on each of the resulting Lie algebras, we parameterize the space
of such structures up to holomorphic isomorphism. It turns out that there are three nilpotent Lie algebras
carrying curves of non-equivalent structures, while for the remaining Lie algebras the moduli space is finite.
The outline of the paper is as follows. In §2 we give the basic definitions, recall known results and study
some properties of the Lie algebra aff(C). In addition, we parameterize the space of equivalence classes
of complex structures on a Lie algebra with 1-dimensional commutator (see Proposition 2.2). In §3 we
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perform the classification in the 6-dimensional nilpotent case. This is done in two steps. Firstly, we obtain
the classification of the nilpotent Lie algebras admitting such a structure (see Theorem 3.2), recovering, by a
different approach, the results obtained in [12, 20]. In the second step, we parameterize, up to equivalence,
the space of abelian complex structures on each of these algebras (see Theorem 3.4). As a consequence, we
obtain three nilpotent Lie algebras carrying curves of non-equivalent abelian complex structures, namely,
h3×h3, h3(C) and a 3-step nilpotent Lie algebra, where h3 is the 3-dimensional real Heisenberg Lie algebra
and h3(C) is the realification of the 3-dimensional complex Heisenberg Lie algebra.
In §4 we determine the 6-dimensional non-nilpotent Lie algebras s with an abelian complex structure,
studying in Theorems 4.1, 4.2 and 4.4 the case when such a structure is proper. The Lie algebras, a finite
number, appearing in Theorems 4.1 and 4.2 are decomposable as a direct product of lower dimensional Lie
algebras with the corresponding abelian complex structure preserving this decomposition. In Theorem 4.4,
when considering the case s′J = R4, we obtain a 2-parameter family of solvable Lie algebras carrying both
an abelian and a bi-invariant complex structure. Moreover, as a consequence of this result and Theorems
4.1 and 4.2, it follows that the Lie algebra aff(C) × R2 has exactly three abelian complex structures, up
to equivalence, distinguished by the ideal s′J . Finally, in Theorem 4.6 we consider the case when J is not
proper and obtain five isomorphism classes of Lie algebras, all of which are of the form aff(A) where A is
a commutative associative algebra with identity.
Acknowledgement. The authors would like to thank Professor J. Lauret for helpful observations. They are
also thankful to E. Rodriguez Valencia, who pointed out a mistake in a previous version of Theorem 3.4.
2. PRELIMINARIES
2.1. Complex structures on Lie algebras. A complex structure on a real Lie algebra g is an endomorphism
J of g satisfying J2 = −I and such that
(1) J [x, y]− [Jx, y]− [x, Jy]− J [Jx, Jy] = 0, ∀x, y ∈ g.
It is well known that (1) holds if and only if g1,0, the i-eigenspace of J , is a complex subalgebra of gC :=
g⊗R C. A pair (g, J) will denote a Lie algebra g equipped with a complex structure J.
A complex structure J on g is called bi-invariant if the following condition holds:
(2) J [x, y] = [Jx, y], x, y ∈ g.
In this case, (g, J) is a complex Lie algebra, that is, g is turned into a C-vector space by setting
(a+ ib)x = ax+ bJx, x ∈ g, a, b ∈ R,
and condition (2) ensures that the Lie bracket is now C-bilinear.
Two complex structures J1 and J2 on g are said to be equivalent if there exists an automorphism α of g
satisfying J2 α = αJ1. Two pairs (g1, J1) and (g2, J2) are holomorphically isomorphic if there exists a Lie
algebra isomorphism α : g1 → g2 satisfying J2 α = αJ1.
Consider a Lie algebra g equipped with a complex structure J . We denote with g′ the commutator ideal
[g, g] of g and with g′J the J-stable ideal of g defined by g′J := g′ + Jg′. We will say that J is proper if
g′J  g. We note that if (g1, J1) and (g2, J2) are holomorphically isomorphic, then J1 is proper if and only
if J2 is.
The next proposition provides sufficient conditions for a complex structure to be proper. We recall that a
Lie algebra is called perfect if it coincides with its commutator ideal.
Proposition 2.1. (1) Every complex structure on a nilpotent Lie algebra is proper.
(2) Every bi-invariant complex structure on a non-perfect Lie algebra is proper.
Proof. The first statement was proved in [20, Theorem 1.3] (see also Lemma 2.4 below). The second
assertion follows since (2) implies that the commutator ideal is stable by any bi-invariant complex structure.

32.2. Abelian complex structures on Lie algebras. An abelian complex structure on g is an endomorphism
J of g satisfying
(3) J2 = −I, [Jx, Jy] = [x, y], ∀x, y ∈ g.
It follows that (3) is a particular case of (1); moreover, condition (3) is equivalent to g1,0 being abelian.
These structures were first considered in [3]. A class of Lie algebras carrying such structures appears in the
next result.
Let h2n+1 = span{e1, . . . , e2n, z0} denote the (2n+1)-dimensional Heisenberg algebra with Lie bracket
[e2i−1, e2i] = z0, 1 ≤ i ≤ n, and aff(R) the Lie algebra of the group of affine motions of R.
Proposition 2.2. If g is an even dimensional real Lie algebra with 1-dimensional commutator g′, then:
(1) g is isomorphic to either h2n+1 ×R2k+1 or aff(R)× R2k;
(2) All these Lie algebras carry abelian complex structures and every complex structure on g is abelian;
(3) There are [n2 ]+ 1 equivalence classes of complex structures on h2n+1 × R2k+1;
(4) There is a unique complex structure on aff(R)× R2k up to equivalence.
Proof. (1) follows from the characterization of the Lie algebras with one dimensional commutator (see for
example [4, Theorem 4.1]).
A proof of (2) can be found in [5, Examples 3.3 and Proposition 3.4].
In order to prove (3), we recall that according to [19, Proposition 3.6] the complex structures on h2n+1 ×
R2k+1 are given by:
(4) Je2i−1 = ±e2i, Jz2j = z2j+1, 1 ≤ i ≤ n, 0 ≤ j ≤ k,
where {e1, . . . , e2n, z0} is a basis of h2n+1 such that [e2i−1, e2i] = z0 and {z1, . . . z2k+1} is a basis of
R2k+1. Any two complex structures with the same number of minus signs are equivalent, by permuting the
elements of the basis. Let Jr, with 0 ≤ r ≤ n, be any complex structure as in (4) such that r is the number
of minus signs. By a suitable permutation of the basis, one can show that Jr is equivalent to Jn−r, thus we
may assume 0 ≤ r ≤ [n2 ]. Furthermore, let 0 ≤ r, s ≤ [n2 ], and assume that Jr is equivalent to Js, that is,
there exists an automorphism φ of h2n+1 ×R2k+1 such that φJr = Jsφ. Since φ preserves the commutator,
we have φz0 = cz0 for some c 6= 0. Set v := span{e1, . . . , e2n} and for α = r, s we define a bilinear form
Bα on v by [x, Jαy] = Bα(x, y)z0, x, y ∈ v. It turns out that Bα is symmetric (since Jα is abelian) and
non-degenerate. Moreover, Bs (φ(x), φ(y)) = cBr(x, y). Therefore, Br and Bs have the same signature if
c > 0 or opposite signatures if c < 0. Since r, s ≤ [n2 ], and Sign (Bα) = (2α, 2(n − α)), in both cases we
must have r = s and (3) follows.1
The proof of (4) follows by observing that given a complex structure J on aff(R) × R2k, the ideal
g′J = g
′ + Jg′, isomorphic to aff(R), is J-stable and complementary to the center R2k. It is clear that
aff(R) admits a unique complex structure up to equivalence, and the assertion follows. 
We include some properties of abelian complex structures in the following lemma, whose proof is
straightforward.
Lemma 2.3. Let J be an abelian complex structure on a Lie algebra g. Then:
(i) the center z(g) of g is J-stable;
(ii) for any x ∈ g, adJx = − adx J; in particular, the family of inner derivations of g is stable under right
multiplication by J;
(iii) for any J-stable ideal u of g, the kernel of the map g→ End(u), x 7→ adx |u, is J-stable.
Some known obstructions to the existence of abelian complex structures are stated below.
(O1) Let g be a real Lie algebra admitting an abelian complex structure. Then g is 2-step solvable [17].
1 The classification for n = 1, k = 0, was given in [21] and the case n = 2, k = 0 was carried out in [22].
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(O2) Let g be a solvable Lie algebra such that g′ has codimension 1 in g and dim g > 2. Then g does not
admit abelian complex structures [5].
Another obstruction in the case of nilpotent Lie algebras is given in the next lemma. Recall that the
descending central series of g is defined by g0 = g, gi = [g, gi−1], i ≥ 1.
Lemma 2.4. Let g be a k-step nilpotent Lie algebra with an abelian complex structure J and set giJ :=
gi + Jgi. Then giJ  g
i−1
J for all i ≤ k. In particular, if dim g = 2m, g is at most m-step nilpotent.
Proof. Clearly, {0} = gkJ  gk−1J . Assume that giJ = gi−1J for some i < k. Then, any x ∈ gi−1 can be
written as x = y+ Jw, y,w ∈ gi. The fact that J is abelian implies that [g, x] ⊂ gi+1 for all x ∈ gi−1, that
is, gi ⊂ gi+1, contradicting that g is k-step nilpotent. 
2.3. Dimension less than or equal to four. There are only two 2-dimensional Lie algebras: R2 and aff(R).
Both carry a unique abelian complex structure, up to equivalence.
Let g be a 4-dimensional solvable Lie algebra with basis {e1, e2, e3, e4}. According to [21], if g admits
an abelian complex structure, it is isomorphic to one and only one of the following:
g1 = R
4
,
g2 = h3 × R, [e1, e2] = e3,
g3 = aff(R)× R2, [e1, e2] = e2
g4 = aff(R)× aff(R), [e1, e2] = e2, [e3, e4] = e4
g5 = aff(R)⋉ad R
2
, [e1, e2] = e2, [e1, e4] = e4, [e2, e3] = e4.
g6 = aff(C), [e1, e3] = e3, [e1, e4] = e4, [e2, e3] = e4, [e2, e4] = −e3,
where h3 is the 3-dimensional Heisenberg algebra and aff(C) is the realification of the Lie algebra of the
group of affine motions of the complex line.
Theorem 2.5 ([21]). Let g be a 4-dimensional solvable Lie algebra with an abelian complex structure J .
Then (g, J) is holomorphically isomorphic to one and only one of the following:
g1 : Je1 = e2, Je3 = e4,
g2 : Je1 = e2, Je3 = e4,
g3 : Je1 = e2, Je3 = e4,
g4 : Je1 = e2, Je3 = e4,
g5 : Je1 = e2, Je3 = −e4,
g6 : J1e1 = −e2, J1e3 = e4,
g6 : J2e1 = e3, J2e2 = e4.
We include below a proof of the fact that, up to equivalence, aff(C) has two abelian complex structures
(see also [21]). We recall that aff(C) has a basis {e1, e2, e3, e4} with the following Lie bracket
(5) [e1, e3] = e3, [e1, e4] = e4, [e2, e3] = e4, [e2, e4] = −e3,
and with automorphism group given by (see for instance [7]):
(6) Aut(aff(C)) =




1 0 0 0
0 ǫ 0 0
c −ǫd a −ǫb
d ǫc b ǫa

 : a, b, c, d,∈ R, ǫ = ±1

 .
Proposition 2.6. Any abelian complex structure on the Lie algebra aff(C) is equivalent to either J1 or J2,
where
J1e1 = −e2, J1e3 = e4,
J2e1 = e3, J2e2 = e4.
Moreover, J1 is proper and J2 is not, hence they are not equivalent.
5Proof. Let us assume that J is an abelian complex structure on g = aff(C). Since dim g′ = 2, there are two
possibilities for g′J :
• g′J = g′. In this case, g′ is a J-stable ideal of aff(C). Let
J =
(
A 0
B C
)
be the matrix representation of J with respect to the ordered basis {e1, e2, e3, e4}. Since J2 = −I , we
obtain that A2 = −I and C2 = −I , and therefore J can be written as
J =


α γ 0 0
β −α 0 0
a c e g
b d f −e

 ,
with
(7) α2 + βγ = −1, e2 + fg = −1,
and certain constraints on a, b, c, d. From the fact that J is abelian, together with (7), we obtain that
α = e = 0, β = ±1, f = −g = γ = − 1
β
.
Using again that J2 = −I , we arrive at c = −b, d = a, thus, J = J+(a,b) or J = J−(a,b), where
J+(a,b) :=


0 1 0 0
−1 0 0 0
a −b 0 −1
b a 1 0

 , J−(a,b) :=


0 −1 0 0
1 0 0 0
a −b 0 1
b a −1 0

 .
Note that J+(0,0) = J1. Consider now the automorphisms φ and ψ of aff(C) given by
φ =


1 0 0 0
0 −1 0 0
b
2
a
2 1 0
a
2 − b2 0 −1

 , ψ =


1 0 0 0
0 1 0 0
− b2 −a2 1 0
a
2 − b2 0 1

 .
It is easy to see that φJ+(a,b) = J1φ and ψJ
−
(a,b) = J1ψ, so that all the abelian complex structures J
+
(a,b) and
J−(a,b) are equivalent to J1. This completes this case.
• g′J = g. In this case g = g′ ⊕ Jg′. Let
f1 = Je3 = ae1 + be2 + v, f2 = Je4 = ce1 + de2 + w,
a, b, c, d ∈ R, v, w ∈ span{e3, e4}. Since J is abelian, [f1, f2] = 0 and [f2, e3] = [f1, e4], hence c =
−b, d = a. Therefore, we have
adf1 |g′ =
(
a −b
b a
)
, adf2 |g′ =
(−b −a
a −b
)
.
Observe that a2 + b2 6= 0, since otherwise g would be abelian. Setting
f˜1 =
1
a2 + b2
(af1 − bf2), f˜2 = 1
a2 + b2
(bf1 + af2),
we obtain
adf˜1 |s′ =
(
1 0
0 1
)
, adf˜2 |s′ =
(
0 −1
1 0
)
.
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The expression of J with respect to the basis {f˜1, f˜2, e3, e4} is given by
J = J(a,b) =
(
B
−B−1
)
, where B =
(−a b
−b −a
)
.
The structure constants of g with respect to the new basis {f˜1, f˜2, e3, e4} are given by (5). If φ is the
following automorphism of aff(C):
φ =


1 0
0 1
−a b
−b −a

 ,
it turns out that φJ(a,b) = J(1,0)φ, that is, J(a,b) is equivalent to J(1,0) = J2, and the proposition follows. 
Given x = (x1, x2, x3) ∈ S2, let Jx := x1J1 + x2J2 + x3J1J2 with J1 and J2 as above. Since
J1J2 = −J2J1, Jx is an abelian complex structure on aff(C) and Proposition 2.6 implies the following
result:
Corollary 2.7. There is a two-sphere Jx, x ∈ S2, of abelian complex structures on aff(C). Moreover, Jx is
equivalent to J1 if and only if x = (1, 0, 0) or x = (−1, 0, 0). All the other abelian complex structures in
this sphere are equivalent to J2.
Remark 2.8. It was shown in [2] that aff(C) is the only 4-dimensional Lie algebra carrying an abelian
hypercomplex structure, that is, a pair of anticommuting abelian complex structures.
Remark 2.9. We point out that aff(C) admits a bi-invariant complex structure J , namely,
Je1 = e2, Je3 = e4.
Moreover, any bi-invariant complex structure is given by±J and J is equivalent to−J via an automorphism
as in (6) with ǫ = −1. Therefore, aff(C) has a unique bi-invariant complex structure up to equivalence.
The next characterization of (aff(C), J1) will be frequently used in §4.
Lemma 2.10. Let g be a 4-dimensional Lie algebra spanned by {f1, . . . , f4} with Lie bracket defined by:
[f1, f3] = [f2, f4] = cf3 + df4, [f1, f4] = −[f2, f3] = −df3 + cf4,
[f1, f2] = xf3 + yf4,
with c2 + d2 6= 0, and abelian complex structure J given by
Jf1 = f2, Jf3 = f4.
Then (g, J) is holomorphically isomorphic to (aff(C), J1).
Proof. Consider first
f˜1 =
cf1 + df2
c2 + d2
, f˜2 = Jf˜1 =
−df1 + cf2
c2 + d2
.
In the new basis {f˜1, f˜2, f3, f4}, the Lie bracket of g becomes
[f˜1, f˜2] = x
′f3 + y
′f4, [f˜1, f3] = [f˜2, f4] = f3, [f˜1, f4] = −[f˜2, f3] = f4.
Setting now
e1 := f˜1 − y
′
2
f3 +
x′
2
f4, e2 := −f˜2 + x
′
2
f3 +
y′
2
f4, e3 := f3, e4 := f4,
we obtain a basis {e1, . . . , e4} of g such that the Lie bracket is given as in (5) and the complex structure J
coincides with J1 from Proposition 2.6. 
73. DIMENSION SIX: THE NILPOTENT CASE
In this section we classify, up to holomorphic isomorphism, the 6-dimensional nilpotent non-abelian Lie
algebras n with abelian complex structures.
We begin by recalling from Proposition 2.1 that any complex structure J on a nilpotent Lie algebra n is
proper, that is, n′J = n′+ Jn′ is a proper nilpotent ideal. In the 6-dimensional case, as a consequence of the
following general result, it turns out that n′J is abelian.
Proposition 3.1. If J is an abelian complex structure on a 6-dimensional solvable Lie algebra s such that
s′J is nilpotent, then s′J is abelian.
Proof. If s′J = s then s is nilpotent and Proposition 2.1 implies that s′J  s, a contradiction. Therefore,
dim s′J = 2 or 4. If dim s′J = 2 then s′J is abelian.
We show next that if dim s′J = 4 and s′J is non-abelian nilpotent, then we get a contradiction. J induces
by restriction an abelian complex structure on s′J . The only 4-dimensional non-abelian nilpotent Lie algebra
admitting abelian complex structures is h3 × R and this complex structure is unique up to equivalence
(Theorem 2.5). Therefore, s′J ∼= h3 ×R, and there exists a basis e1, . . . , e4 of s′J such that [e1, e2] = e3 and
Je1 = e2, Je3 = e4. Let span{f1, f2} be a complementary subspace of s′J such that f2 = Jf1. Setting
D = adf1 |s′
J
, it follows from Lemma 2.3(ii) that adf2 |s′
J
= −DJ . The Lie bracket [f1, f2] lies in s′ ⊆ s′J ,
hence, [f1, f2] = ae1 + be2 + ce3 + de4, with a, b, c, d ∈ R.
Since D is a derivation of h3 ×R, it is of the form
D =
(
A 0
B C
)
,
where A,B,C are 2× 2 real matrices such that c11 = trA and c21 = 0. Moreover, DJ is also a derivation
of h3 × R, and therefore c12 = a12 − a21 and c22 = 0. Observe that s′J is 2-step solvable and u :=
span{e3, e4} ⊂ s′J is an abelian ideal containing (s′J)′, therefore the Jacobi identity implies2
C2J |u = C(J |u)C,
and it follows that C = 0. Therefore, A takes the following form:
A =
(
a11 a12
a12 −a11
)
.
Since s′ is abelian, we have that rankA ≤ 1, hence a11 = a12 = 0, that is, A = 0. Finally, the Jacobi
identity applied to f1, f2, ej , j = 1, 2, implies that a = b = 0, that is, [f1, f2] ∈ u, hence s′J = u, a
contradiction. 
In the remainder of this section we perform the classification. This will be done in two steps. In the first
one, we obtain the classification of the Lie algebras admitting such a structure (see Theorem 3.2), recovering
by a different approach the results obtained in [12, 20]. In the second step, we parameterize the space of
abelian complex structures up to equivalence on each of these algebras (see Theorem 3.4).
Theorem 3.2. Let n be a 6-dimensional nilpotent Lie algebra with an abelian complex structure J . Then n
is isomorphic to one and only one of the following Lie algebras:
n1 := h3 × R3 : [e1, e2] = e6,
n2 := h5 × R : [e1, e2] = e6 = [e3, e4],
n3 := h3 × h3 : [e1, e2] = e5, [e3, e4] = e6,
n4 := h3(C) : [e1, e3] = −[e2, e4] = e5, [e1, e4] = [e2, e3] = e6,
n5 : [e1, e2] = e5, [e1, e4] = [e2, e3] = e6,
n6 : [e1, e2] = e5, [e1, e4] = [e2, e5] = e6,
n7 : [e1, e2] = e4, [e1, e3] = −[e2, e4] = e5, [e1, e4] = [e2, e3] = e6.
2 Given a 2-step solvable Lie algebra g and an abelian ideal u of g such that g′ ⊆ u, the Jacobi identity implies that {adx |u :
x ∈ g} is a commutative family of endomorphisms of u.
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Proof. According to Lemma 2.4, n is at most 3-step nilpotent. To carry out the classification, we will
consider separately the k-step nilpotent case for k = 2 or 3.
• n is 2-step nilpotent: We observe that dim n′ = 1 or 2. In fact, the center z is a J-stable proper ideal,
hence dim z = 2 or 4. If dim z = 4, then dim n′ = 1, while if dim z = 2, we have that dim n′ = 1 or 2 since
n′ ⊂ z.
If dimn′ = 1, according to [4, Theorem 4.1], n is isomorphic to n1 or n2.
If dimn′ = 2, since z is J-stable, then n′ = z and we have that dim z = 2. Let v be a J-stable
complementary subspace of z. There are two possibilities:
(i) there exists x ∈ v such that rank adx = 1;
(ii) rank adx = 2 for any x ∈ v, x 6= 0.
We consider next each case separately.
− Case (i): Consider the 3-dimensional subspace W := ker (adx |v). It follows immediately that
dim(W ∩ JW ) = 2.
If x /∈W ∩JW , there exists e1 ∈W ∩JW such that {e1, Je1, x, Jx} is a basis of v. Since J is abelian,
it follows that the only non-zero brackets are [e1, Je1], [x, Jx], which must be linearly independent. Setting
e3 := x, e4 := Jx, e5 := [e1, Je1], e6 := [x, Jx], we obtain that n ∼= n3 and J = Js,t is given by
(8) Js,t e1 = e2, Js,t e3 = e4, Js,t e5 = se5 + te6,
for some s, t ∈ R, t 6= 0, since the center z = span{e5, e6} is J-stable.
If x ∈ W ∩ JW , then {x, Jx} is a basis of W ∩ JW . There exists e1 ∈ W such that Je1 /∈ W and
therefore, {e1, Je1, x, Jx} is a basis of v. Since J is abelian, it follows that the only non-zero brackets
are [e1, Je1] and [e1, Jx] = −[Je1, x], which must be linearly independent. Setting e2 := Je1, e3 :=
−x, e4 := Jx, e5 := [e1, Je1], e6 := [e1, Jx], we obtain that n ∼= n5 and J = Js,t is given by
(9) Js,t e1 = e2, Js,t e3 = −e4, Js,t e5 = se5 + te6,
for some s, t ∈ R with t 6= 0, since the center z = span{e5, e6} is J-stable.
− Case (ii): In this case, there always exists e1 ∈ v such that ker (ade1 |v) is not J-stable. Indeed, if
ker (adx |v) were J-stable for any x ∈ v, then we would have [x, Jx] = 0 for any x ∈ g. Therefore, for any
x, y ∈ g,
0 = [x+ y, J(x+ y)] = [x, Jy] + [y, Jx] = 2[x, Jy],
and this implies that g is abelian, which is a contradiction.
Let us denote W := ker (ade1 |v), which is not J-stable. Then v = W ⊕ JW and we fix a basis
{e1, y, Je1, Jy} of v with y ∈ W . It follows that [e1, y] = 0 = [Je1, Jy]. A basis of z = n′ is given by
{[e1, Je1], [e1, Jy]} since rank ade1 = 2. Moreover, [e1, Jy] = [y, Je1] since J is abelian, and rank ady =
2 implies [y, Jy] 6= 0. Therefore, there exist a, b ∈ R, a2 + b2 6= 0 such that
[y, Jy] = a[e1, Je1] + b[e1, Jy].
Since rank adw = 2 for all w ∈ W, w 6= 0, it follows that det(adce1+y |JW ) 6= 0 for any c. We have that
det(adce1+y |JW ) = c2 + cb − a, with respect to the bases {Je1, Jy}, {[e1, Je1], [e1, Jy]} of JW and z,
respectively. Therefore, it must be b2 + 4a < 0, and setting
e2 :=
1√
−(b2 + 4a) (−be1 + 2y), e3 := Je1, e4 := Je2, e5 := [e1, e3], e6 := [e1, e4],
it turns out that
[e1, e3] = −[e2, e4] = e5, [e1, e4] = [e2, e3] = e6.
Hence, n ∼= n4 and J = Js,t is given by
(10) Js,t e1 = e3, Js,t e2 = e4, Js,t e5 = se5 + te6,
for some s, t ∈ R with t 6= 0, since the center z = span{e5, e6} is J-stable.
9• n is 3-step nilpotent: In this case, n2 = [n, n′] 6= 0 and n2 ⊆ z. The center z being J-stable, it follows
that n2J = n2 + Jn2 ⊆ z. Since dim z 6= 4 (otherwise, dim n′ = 1) it follows that n2J = z and dim n2J = 2.
From Lemma 2.4, n2J  n′J , thus dim n′J = 4. Let V0 be a J-stable subspace complementary to n′J and fix
a basis {f1, Jf1 = f2} of V0. Using that n′J is abelian (Proposition 3.1), we obtain
n′ = [V0 ⊕ n′J , V0 ⊕ n′J ] = [V0, V0] + [V0, n′J ] ⊆ [V0, V0] + n2,
thus [f1, f2] /∈ z, hence J [f1, f2] /∈ z, which implies that n′J = V1 ⊕ n2J , where V1 is the subspace spanned
by [f1, f2] and J [f1, f2]. Note that n = V0 ⊕ V1 ⊕ n2J and that for any y ∈ V0, y 6= 0, the images of
ady : V1 → n2J coincide with n2.
− If dim n2 = 1, we may assume that [f2, [f1, f2]] 6= 0. By making a suitable change of basis of V0, we
obtain furthermore that [f1, [f1, f2]] = 0. Setting
e1 := f1, e2 := f2, e3 := J [f2, [f1, f2]], e4 := −J [f1, f2], e5 := [f1, f2], e6 := [f2, [f1, f2]],
we obtain that n ∼= n6 and J is given by
(11) Je1 = e2, Je3 = −e6, Je4 = e5.
− If dim n2 = 2 the map adf1 : V1 → n2J is an isomorphism and setting
e1 := f1, e2 := f2, e3 := J [f1, f2], e4 := [f1, f2], e5 := [f1, J [f1, f2]], e6 := [f1, [f1, f2]]
one has a basis of n7. Since J is abelian, it leaves z = span{e5, e6} stable, hence it is given by J = Js,t,
with
(12) Js,te1 = e2, Js,te3 = −e4, Js,te5 = se5 + te6
for some s, t ∈ R, t 6= 0.

Remark 3.3. It follows from Theorem 3.2 that if n is a 6-dimensional nilpotent non-abelian Lie algebra and
J is any abelian complex structure, then
• n′J ∼= R2 if and only if n = nk, 1 ≤ k ≤ 5,
• n′J ∼= R4 if and only if n = n6 or n7.
3.1. Equivalence classes of complex structures. In this subsection we parameterize the equivalence classes
of abelian complex structures on the Lie algebras appearing in Theorem 3.2.
Let us begin with n1 and n2. According to [22] (see also Proposition 2.2) it follows that, up to equivalence,
n1 has a unique complex structure J , given by
Je1 = e2, Je3 = e4, Je5 = e6,
whereas n2 has two, given by
J± e1 = e2, J± e3 = ± e4, J± e5 = e6.
For the Lie algebra n6, it follows from the proof of Theorem 3.2 that it has a unique abelian complex
structure, given by (11).
We will determine next the equivalence classes of abelian complex structures on the remaining Lie alge-
bras. To achieve this, we consider a nilpotent Lie algebra n and the following space:
Ca(n) = {J : n→ n : J is an abelian complex structure on n},
which we suppose is non-empty. Ca(n) is a closed subset of GL(n). The group Aut(n) acts on Ca(n)
by conjugation, and the quotient Ca(n)/Aut(n) parameterizes the equivalence classes of abelian complex
structures on n.
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For n = n3, n4, n5 and n7, it follows from equations (8), (10), (9) and (12) in the proof of Theorem 3.2
thatZ := {(s, t) ∈ R2 : t 6= 0} can be considered as a subspace of Ca(n) such that Aut(n)·Z = Ca(n). The
induced topology on Z coincides with the usual topology from R2. Therefore, we have a homeomorphism
Ca(n)/Aut(n) ∼= Z/G,
where G := {φ ∈ Aut(n) : φ(Z) = Z}, a closed Lie subgroup of Aut(n)3.
Let J be an abelian complex structure on n and v a J-stable complementary subspace of the center z in
n. It can be shown that Aut0(n) acts transitively on the orbit of J in Ca(n), that is,
Aut(n)J = Aut0(n)J,
where Aut0(n) = {φ ∈ Aut(n) : φ(v) = v}. Indeed, if J ′ = φJφ−1 with φ =
(
A 0
B C
)
∈ Aut(n), then
φ0 =
(
A 0
0 C
)
∈ Aut0(n) satisfies J ′ = φ0J(φ0)−1. This implies that
Ca(n)/Aut(n) ∼= Z/G0
for the Lie algebras ni, i = 3, 4, 5, 7, where G0 = G ∩Aut0(n).
We will determine in what follows for each algebra ni, i = 3, 4, 5, 7, the group G0 and the orbit space
Z/G0.
• n3: In this case, the group G0 is given by a disjoint union G0 = G+∪˙G−, where
G+ =




a −b
b a
c −d
d c
a2 + b2
c2 + d2


:
a2 + b2 6= 0,
c2 + d2 6= 0


, G− =


I
I
0 1
1 0

 ·G+.
Let (s, t), (s′, t′) ∈ Z such that φ · (s, t) = (s′, t′), with φ ∈ G0. It can be shown that:
(i) if φ ∈ G+, then s′ = s and tt′ > 0;
(ii) if φ ∈ G−, then s′ = −s and tt′ < 0.
Let us fix now (s, t) ∈ Z . Taking φ+ ∈ G+ with a =
√
|t|, c = 1 and b = d = 0, we obtain that
φ+ · (s, t) = (s, t|t|). Taking now φ− ∈ G− with a = 1, c =
√
1 + s2 and b = d = 0, we obtain that
φ− · (s,−1) = (−s, 1). To sum up, we have that
Js,t is equivalent to either
{
Js,1 if t > 0,
J−s,1 if t < 0.
It follows from (i) and (ii) that Js,1 and Js′,1 are equivalent if and only if s = s′, hence
Ca(n3)/Aut(n3) ∼= {Js,1 : s ∈ R}.
• n5: In this case, the action of G on Z is transitive, since the automorphism φ of n5 given by
φ =


0 −1
1 0
0 − s2 0 1+s
2
t
− s2 0 −1+s
2
t
0
1 0
−s 1+s2
t


3It can be shown that if φ ∈ Aut(n) satisfies φ · (s, t) = (s′, t′) for some (s, t), (s′, t′) ∈ Z, then φ ∈ G.
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satisfies φ · (s, t) = (0, 1) for any (s, t) ∈ Z . Thus, Ca(n5)/Aut(n5) = {J(0,1)}.
• n7: In this case the subgroup G0 of G is given by
C× =




a −b
b a
d
d
ad −bd
bd ad


: a, b ∈ R, d = a2 + b2 6= 0


.
We note that (0, 1) and (0,−1) are fixed points by the action of C×. If (s, t), (s′, t′) ∈ Z − {(0,±1)},
(s, t) 6= (s′, t′) and φ · (s, t) = (s′, t′), with φ ∈ C×, then by writing down the equations, it can be shown
that tt′ > 0 and both (s, t) and (s′, t′) lie in the circle
(13) Sc :=
{
(u, v) ∈ Z : u2 +
(
v − c
2
)2
=
( c
2
)2
− 1
}
, c = t+
1 + s2
t
= t′ +
1 + s′2
t′
.
Each of these circles intersects the v-axis in points (0, t0) and (0, 1/t0), with 0 < |t0| < 1, where t0 =
1
2
(
c∓√c2 − 1
)
, depending on the sign of t. We show next that each Sc coincides with an orbit O0,t0 of
a point under the action of C×. Since C× ∼= R+ × S1 as Lie groups, and the action of R+ on Z is trivial,
we only have to consider the action of S1 on Z . The isotropy group of this action is {±1} and therefore
each orbit is homeomorphic to RP 1 ∼= S1. Furthermore, each orbit is contained in one circle Sc for some c,
hence, by using topological arguments, we have that each Sc coincides with an orbit O0,t0 (see Figure 3.1),
so that,
Ca(n7)/Aut(n7) ∼= {J0,t : 0 < |t| ≤ 1}.
We note that the topology of the quotient space coincides with the relative topology of R, in particular, the
moduli space of abelian complex structures on n7 is disconnected.
• n4: The group G0 is given by a disjoint union G0 = G+∪˙G−, where
G+ =




a −ǫb
b ǫa
a −ǫb
b ǫa
a2 − b2 −2ǫab
2ab ǫ(a2 − b2)


:
a, b ∈ R,
a2 + b2 6= 0,
ǫ = ±1


, G− =


−I
I
1 0
0 1

 ·G+1 .
We note that the G0-orbit of (0, 1) has two points: (0,±1). The orbit Os,t of (s, t) ∈ Z1 − {(0,±1)} is
given by the disjoint union of two circles (see Figure 3.1):
(14) Os,t :=
{
(u, v) ∈ Z1 : u2 +
(
v ± c
2
)2
=
( c
2
)2
− 1
}
,
with c = t+ 1 + s
2
t
. Each of these orbits intersects the positive v-axis in points (0, t0) and (0, 1/t0), with
0 < t0 < 1. Thus, Z/G0 is parameterized by (0, 1].
The results in this section are summarized in the next theorem.
Theorem 3.4. Let n be a 6-dimensional nilpotent Lie algebra with an abelian complex structure J . Then
(n, J) is holomorphically isomorphic to one and only one of the following:
(1) (n1, J), with its unique complex structure: Je1 = e2, Je3 = e4, Je5 = e6,
(2) (n2, J±), with J± e1 = e2, J± e3 = ±e4, J± e5 = e6,
(3) (n3, Js), with Js e1 = e2, Js e3 = e4, Js e5 = se5 + e6, s ∈ R,
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FIGURE 1. Orbits in Ca(n7)
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O0,3
O0,4
(4) (n4, Jt) with Jt e1 = e3, Jt e2 = e4, Jt e5 = te6, t ∈ (0, 1],
(5) (n5, J) with Je1 = e2, Je3 = −e4, Je5 = e6,
(6) (n6, J), with Je1 = e2, Je3 = −e6, Je4 = e5,
(7) (n7, Jt) with Jte1 = e2, Jte3 = −e4, Jte5 = te6, 0 < |t| ≤ 1.
Remark 3.5. There is another one-parameter family of abelian complex structures on n4, given by
J2t e1 = e2, J
2
t e3 = −e4, J2t e5 = te6.
In a previous version of this article, we stated that the abelian complex structures Jt and J2t , t ∈ (0, 1], were
not equivalent, but this statement was incorrect. E. Rodrı´guez Valencia provides in [18] an automorphism
of n4 which shows the equivalence between these structures.
Remark 3.6. In [15] curves of non-equivalent abelian complex structures on the 6-dimensional 2-step nilpo-
tent Lie algebras n3 and n4 were obtained by using geometric invariant theory.
Remark 3.7. We observe that n4 has a bi-invariant complex structure given by
J0e1 = e2, J0e3 = e4, J0e5 = e6.
According to [14] J0 is the unique bi-invariant complex structure on n4 compatible with the standard orien-
tation (see also [1]).
Remark 3.8. It was proved in [22] that every complex structure on n6 is abelian. This fact, together with
Theorem 3.4, implies that n6 admits a unique complex structure up to equivalence. The existence of a unique
abelian complex structure on n6 was already proved in [8, Section 5.3], where this Lie algebra was denoted
h9.
Notation. The Lie algebras in Theorem 3.2 appear in the literature with different notations. In [11], the
nilpotent Lie algebras equipped with the so-called nilpotent complex structures were denoted by hk, k =
1, . . . , 16. Salamon in [20] associates to each Lie algebra a 6-tuple encoding the expression of the differential
of 1-forms. We give next the correspondence among the various notations:
n1 ←→ h8 ←→ (0, 0, 0, 0, 0, 12),
n2 ←→ h3 ←→ (0, 0, 0, 0, 0, 12 + 34),
n3 ←→ h2 ←→ (0, 0, 0, 0, 12, 34),
n4 ←→ h5 ←→ (0, 0, 0, 0, 13 + 42, 14 + 23),
n5 ←→ h4 ←→ (0, 0, 0, 0, 12, 14 + 23),
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n6 ←→ h9 ←→ (0, 0, 0, 0, 12, 14 + 25),
n7 ←→ h15 ←→ (0, 0, 0, 12, 13 + 42, 14 + 23).
4. DIMENSION SIX: THE GENERAL CASE
The classification, up to equivalence, of the 6-dimensional non-nilpotent Lie algebras s admitting abelian
complex structures J will be done in several steps, according to the different possibilities for s′J . When J
is proper it follows from §2.3 that the ideal s′J with its induced abelian complex structure coincides, up to
equivalence, withR2, aff(R), R4, h3×R, aff(R)×R2, aff(R)×aff(R), aff(R)⋉adR2 endowed with their
unique abelian complex structure or with (aff(C), J1), (aff(C), J2). Note that according to Proposition 3.1,
the case s′J ∼= h3 ×R does not occur. In order to carry out the classification we will consider three different
cases: dim s′J = 2, dim s
′
J = 4 or s
′
J = s.
4.1. dim s′J = 2.
Theorem 4.1. If s is a 6-dimensional non-nilpotent Lie algebra admitting an abelian complex structure J
such that dim s′J = 2, then (s, J) is holomorphically isomorphic to one of the following:
• aff(R)× R4 with its unique complex structure,
• aff(C)× R2 equipped with the product (J1 × J), J1 from Theorem 2.5.
Proof. Since dim s′J = 2, we have two possibilities:
(1) dim s′ = 1. Since s is non-nilpotent, s is isomorphic to aff(R) × R4 (see, for instance, [4, The-
orem 4.1]). According to Proposition 2.2, this Lie algebra has a unique complex structure, up to
equivalence.
(2) dim s′ = 2, hence s′ = s′J is J-stable. Let s′ be spanned by e1, e2 and Je1 = e2. Let u be
a complementary J-stable subspace of s, s = s′ ⊕ u. From Lemma 2.3(iii), the kernel of the
linear map ρ : u → End(s′), u 7→ adu |s′ is J-stable. The Jacobi identity implies that Imρ is a
commutative family of endomorphisms of s′, therefore dim(Imρ) < 4, thus dim(ker ρ) is 4 or 2.
When dim(ker ρ) = 4, s is 2-step nilpotent, contradicting the assumption on s. Indeed, if ρ ≡ 0,
then [x, u] = 0 for all x ∈ s′ and u ∈ u. Since s′ is abelian, we obtain that s′ coincides with
the center of s and the claim follows. Therefore, we must have dim(ker ρ) = 2. We show next
that (s, J) is holomorphically isomorphic to aff(C)×R2 equipped with the product (J1 × J) from
Theorem 2.5. Indeed, let f1, f2 = Jf1, f3, f4 = Jf3 be a basis of u with f1, f2 ∈ ker ρ. Using
the Jacobi identity one obtains [[f1, f2], f3] = [[f1, f2], Jf3] = 0, therefore, since J is abelian,
[f3, [f1, f2]] = [f3, J [f1, f2]] = 0. Thus, [f1, f2] = 0, since otherwise f3 ∈ ker ρ, which is a
contradiction. Since ρ(f3)ρ(f4) = ρ(f4)ρ(f3) and ρ(f4) = −ρ(f3)J one has
ρ(f3) =
(
x −y
y x
)
,
with x2+y2 6= 0. We note that k := span{f3, f4, e1, e2} is a J-stable Lie subalgebra of s, and using
Lemma 2.10 we obtain that (k, J |k) is holomorphically isomorphic to (aff(C), J1), so that we may
assume
[f3, f4] = [e1, e2] = 0, [f3, e1] = −[f4, e2] = e1, [f3, e2] = [f4, e1] = e2.
The remaining brackets are given by
[f1, f3] = ae1 + be2 = −[f2, f4],
[f1, f4] = −be1 + ae2 = [f2, f3]
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where the last line is a consequence of [[f2, f3], f4] + [[f4, f2], f3] = 0 and J abelian. If a = b = 0,
then s = aff(C)×R2. If a2 + b2 6= 0, one considers
f˜1 = e1 +
1
a2 + b2
(af1 − bf2), f˜2 = Jf˜1 = e2 + 1
a2 + b2
(bf1 + af2),
and finds that f˜1, f˜2 are central elements in s. Therefore s ∼= aff(C)×R2 equipped with the complex
structure given in the statement.

4.2. dim s′J = 4.
Let s be a 6-dimensional solvable Lie algebra equipped with an abelian complex structure J such that
dim s′J = 4. Let f1, f2 = Jf1 span a complementary subspace of s′J , and set D := adf1 |s′J . It then follows
from Lemma 2.3(ii) that adf2 |s′
J
= −DJ ; therefore D and DJ are both derivations of s′J . The bracket
[f1, f2] lies in s′ ⊆ s′J , and using the Jacobi identity for f1, f2 and any x ∈ s′J , we obtain that
(15) ad[f1,f2] |s′J = DJD −D
2J.
In what follows we analyze separately two different cases, corresponding to s′J being abelian or non-
abelian.
Theorem 4.2. Let s be a 6-dimensional Lie algebra with an abelian complex structure J such that s′J is
4-dimensional and non-abelian. Then (s, J) is holomorphically isomorphic to one of the following:
(1) aff(R)× (h3 × R), with the unique complex structure on each factor,
(2) aff(R)× aff(C), where the complex structure on aff(C) is given by J1 (Theorem 2.5),
(3) aff(R)× aff(R)× R2, where each factor carries its unique complex structure,
(4) (aff(R)⋉ad R2)× R2, where each factor is equipped with its unique abelian complex structure,
(5) aff(C)× R2, where the first factor is equipped with J2 from Theorem 2.5.
Proof. We will consider several cases, according to the isomorphism class of s′J .
(i) Case s′J ∼= aff(R)×R2: There exists a basis {e1, . . . , e4} of s′J such that [e1, e2] = e2 and J is given
by Je1 = e2, Je3 = e4. A derivation D of s′J such that DJ is also a derivation takes the following form:
D =


0 0
a b
c e
d f

 ,
with a, b, ..., f ∈ R. From (15), we obtain that
e = −d, f = c, [f1, f2] = (a2 + b2)e2 + u, u ∈ span {e3, e4}.
Since s′J = aff(R)× R2, it follows that c2 + d2 6= 0 or u 6= 0.
We show next that we may assume a = b = 0. Indeed, if a2 + b2 6= 0, consider another complementary
subspace of s′J spanned by
f˜1 = e1 − bf1 + af2
a2 + b2
, f˜2 = Jf˜1 = e2 +
af1 − bf2
a2 + b2
.
The only non-vanishing brackets with respect to the basis above are
[e1, e2] = e2, [f˜1, f˜2] = u˜, [f˜1, e3] = [f˜2, e4] = ce3 + de4, [f˜1, e4] = −[f˜2, e3] = −de3 + ce4,
with u˜ ∈ span{e3, e4}.
Note that s can be decomposed as span{e1, e2}⊕ span{f˜1, f˜2, e3, e4}. If c = d = 0, then u 6= 0 and there
is a holomorphic isomorphism between span{f˜1, f˜2, e3, e4} and h3 × R, so that s ∼= aff(R) × (h3 × R).
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If c2 + d2 6= 0, using Lemma 2.10 we obtain that span{f˜1, f˜2, e3, e4} is holomorphically isomorphic to
(aff(C), J1), so that, in this case, s ∼= aff(R)× aff(C).
(ii) Case s′J ∼= aff(R)×aff(R): There exists a basis {e1, . . . , e4} of s′J such that [e1, e2] = e2, [e3, e4] =
e4 and J is given by Je1 = e2, Je3 = e4. A derivation D of s′J is of the form
D =


0 0 0 0
a b 0 0
0 0 0 0
0 0 c d


with a, b, c, d ∈ R, and we observe that DJ is also a derivation. From (15), we obtain that
[f1, f2] = (a
2 + b2)e2 + (c
2 + d2)e4.
If a2 + b2 = c2 + d2 = 0, we obtain that s = aff(R) × aff(R) × R2. If a2 + b2 6= 0, c2 + d2 = 0, then
setting
(16) f˜1 = −e1 + bf1 + af2
a2 + b2
, f˜2 = Jf˜1 = −e2 + −af1 + bf2
a2 + b2
,
we obtain that [f˜1, f˜2] = 0 and f˜1, f˜2 commute with span{e1, . . . , e4}. Therefore, s ∼= aff(R)×aff(R)×R2
via a holomorphic isomorphism. The proof for a2 + b2 = 0, c2 + d2 6= 0 is analogous. Finally, when
a2 + b2 6= 0, c2 + d2 6= 0, we define f˜1, f˜2 as in (16) and this case reduces to the previous one.
(iii) Case s′J ∼= aff(R)⋉adR2: There exists a basis {e1, . . . , e4} of s′J such that [e1, e2] = e2, [e1, e4] =
e4, [e2, e3] = e4 and Je1 = e2, Je3 = −e4. A derivation D of s′J such that DJ is also a derivation is of
the form:
D =


0 0 0 0
d c 0 0
0 0 0 0
a b −d c

 ,
with a, b, c, d ∈ R. Using (15), we obtain that
[f1, f2] = (c
2 + d2)e2 + 2(ad+ bc)e4.
If a2 + b2 = c2 + d2 = 0, then s = (aff(R)⋉ad R2)×R2. If c2 + d2 6= 0, a2 + b2 = 0, then setting
(17) f˜1 = −e1 + cf1 + df2
c2 + d2
, f˜2 = Jf˜1 = −e2 + −df1 + cf2
c2 + d2
,
one has that [f˜1, f˜2] = 0 and f˜1, f˜2 commute with span{e1, . . . , e4}, and therefore s ∼= (aff(R)⋉adR2)×R2
via a holomorphic isomorphism. If c2 + d2 = 0, a2 + b2 6= 0, we have again the holomorphic ismorphism
s ∼= (aff(R)⋉ad R2)× R2 by considering the following change of basis:
f˜1 = f1 + be3 + ae4, f˜2 = Jf˜1 = f2 + ae3 − be4.
Finally, when c2 + d2 6= 0, a2 + b2 6= 0, by applying (17) this case reduces to the previous one.
(iv) Case s′J ∼= aff(C): There exists a basis {e1, . . . , e4} of s′J such that
[e1, e3] = −[e2, e4] = e3, [e1, e4] = [e2, e3] = e4.
It is known that a derivation D of aff(C) has matrix form
D =


0 0 0 0
0 0 0 0
c −d a −b
d c b a


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with respect to e1, . . . , e4, for some a, b, c, d ∈ R. From Theorem 2.5, we may assume that the restriction
of J to s′J is J1 or J2.
Let us consider first the case when the restriction is J1. It turns out that DJ1 is also a derivation of s′J1 ,
and using (15), we obtain that
[f1, f2] = 2(ad+ bc)e3 + 2(bd− ac)e4,
for some a, b, c, d ∈ R. It follows that dim s′J = 2, and therefore, this case cannot occur.
If the restriction is J2, we have that DJ2 is also a derivation of s′J2 , and using (15), we obtain that
[f1, f2] = ((a
2 − b2) + (c2 − d2))e3 + 2(ab+ cd)e4,
with a, b, c, d ∈ R.
If a2 + b2 = c2 + d2 = 0, then s ∼= aff(C)× R2. If c2 + d2 6= 0, a2 + b2 = 0, then setting
(18) f˜1 = f1 + ce3 + de4, f˜2 = Jf˜1 = f2 − ce1 − de2,
we obtain that [f˜1, f˜2] = 0 and f˜1, f˜2 commute with span{e1, . . . , e4}. Therefore, s ∼= aff(C) × R2 via
a holomorphic isomorphism. The proof for c2 + d2 = 0, a2 + b2 6= 0 is analogous. Finally, when
c2 + d2 6= 0, a2 + b2 6= 0, we define f˜1, f˜2 as in (18) and this case reduces to the previous one. 
We prove next some properties of (s, J) for a 6-dimensional non-nilpotent Lie algebra s with an abelian
complex structure J such that s′J ∼= R4. Given x /∈ s′J , we denote by Dx : s′J → s′J the restriction of adx to
s′J .
Lemma 4.3. Let s be a 6-dimensional non-nilpotent Lie algebra with center z (possibly trivial) and denote
s2 = [s, s′]. If J is an abelian complex structure on s such that s′J ∼= R4, then
(i) Dx commutes with DxJ for any x /∈ s′J .
(ii) ImDx = s2 for any x /∈ s′J .
(iii) dim s2 = 2 or 4.
(iv) kerDx = z for any x /∈ s′J .
(v) s′J = s2 ⊕ z.
(vi) There exists x /∈ s′J such that [x, Jx] ∈ z.
Proof. (i) Since J is abelian, DJx = −DxJ . Using that s′J is abelian and the Jacobi identity (see (15)), (i)
follows.
(ii) Let x /∈ s′J and set V := span{x, Jx}. We have that s = V ⊕ s′J , therefore
s2 = [s, s′] = [V, s′] = Dxs
′ +DJxs
′ = Dxs
′ +DxJs
′ = Dxs
′
J .
(iii) Let x /∈ s′J , then it follows from (ii) that (iii) is equivalent to dim (ImDx) = 2 or 4. We note first
that ImDx = {0} is not possible because this would give dim s′J ≤ 2.
If dim (ImDx) = 1, let ImDx = Ry. There exist a, b ∈ R such that Dxy = ay, DxJy = by. From (i)
D2x = −(DxJ)2, and this implies a = b = 0. Therefore, D2x = D2Jx = 0 and s is nilpotent, which is not
possible since s is non-nilpotent by assumption.
If dim (ImDx) = 3, then dim (kerDx) = 1, that is, kerDx = Ry. From (i) we have Dx(DxJy) =
DxJ(Dxy) = 0, hence DxJy = cy. Using again that D2x = −(DxJ)2, we obtain 0 = D2xy =
−(DxJ)2y = −c2y, hence c = 0. This implies that Jy ∈ kerDx = Ry, a contradiction, and (iii) fol-
lows.
(iv) It follows from (ii) and (iii) that z ⊂ s′J . Moreover,
(19) z = kerDx ∩ J (kerDx) , for any x /∈ s′J .
If dim s2 = 4, then using (ii) we obtain that kerDx = {0} for any x /∈ s′J , hence z = {0}.
17
If dim s2 = 2, then dim (kerDx) = 2 for any x /∈ s′J . Let us assume that there exists x /∈ s′J such that
kerDx is not J-stable, therefore, s′J = kerDx⊕J (kerDx). Using (ii) we obtain that Dx : J (kerDx)→ s2
is an isomorphism, then
Dx
(
s2
)
= DxDxJ (kerDx) = DxJDx (kerDx) = 0.
This implies s2 = kerDx, which means that D2x = 0 = D2Jx, contradicting the fact that s is not nilpotent.
Hence, kerDx is J-stable for any x /∈ s′J and (19) implies (iv).
(v) If dim s2 = 4 there is nothing to prove (see proof of (iv)). We consider next the case dim s2 = 2,
which implies dim z = 2. We only need to show that s2 ∩ z = {0}. If s2 ∩ z 6= {0}, we fix x /∈ s′J and
consider a J-stable complementary subspace V of kerDx = z in s′J . Using (ii) we obtain that Dx : V → s2
is an isomorphism. Let v ∈ V, v 6= 0, such that Dxv ∈ s2 ∩ z, then, using (i) and the fact that z is J-stable,
we have
DxDxJv = DxJDxv = 0,
that is, DxJv ∈ kerDx = z, thus Dx(V ) = z. Therefore, s2 = z and s is nilpotent, a contradiction, and (v)
follows.
(vi) Let y /∈ s′J , using (v) we have [y, Jy] = Dyv +w with w ∈ z. Setting x = y + 12Jv, we compute
[x, Jx] = [y, Jy]− 1
2
Dyv − 1
2
DJyJv = Dyv + w −Dyv = w ∈ z,
which implies (vi).

Theorem 4.4. Let s be a 6-dimensional non-nilpotent Lie algebra with an abelian complex structure J such
that s′J ∼= R4. Then (s, J) is holomorphically isomorphic to one and only one of the following:
(1) (aff(C)× R2, J) : [f1, e1] = [f2, e2] = e1, [f1, e2] = −[f2, e1] = e2,
Jf1 = f2, Je1 = −e2 + e3, Je2 = e1 + e4, Je3 = e4.
(2) (s1, J1) : [f1, f2] = e3, [f1, e1] = [f2, e2] = e1, [f1, e2] = −[f2, e1] = e2,
J1f1 = f2, J1e1 = −e2 + e3, J1e2 = e1 + e4, J1e3 = e4.
(3) (s1, J2) : [f1, f2] = e3, [f1, e1] = [f2, e2] = e1, [f1, e2] = −[f2, e1] = e2,
J2f1 = f2, J2e1 = e2, J2e3 = e4,
(4) (s2, J) : [f1, e1] = [f2, e2] = e1, [f1, e2] = −[f2, e1] = e2,
[f1, e3] = [f2, e4] = e1 + e3, [f1, e4] = −[f2, e3] = e2 + e4,
Jf1 = f2, Je1 = e2, Je3 = e4,
(5) (s(a,b), J), (a, b) ∈ R (see (23)) :
[f1, e1] = [f2, e2] = e1, [f1, e2] = −[f2, e1] = e2,
[f1, e3] = [f2, e4] = ae3 + be4, [f1, e4] = −[f2, e3] = −be3 + ae4,
Jf1 = f2, Je1 = e2, Je3 = e4.
Proof. Let f1 /∈ s′J such that [f1, Jf1] ∈ z and denote f2 = Jf1 (see Lemma 4.3(vi)), D := Df1 .
We consider next the different cases according to dim s2, which can be 2 or 4 (see Lemma 4.3(iii)).
• If dim s2 = 2, then there are two possibilities, depending on s2 being J-stable or not.
(i) Case s2 is J-stable: we note that [f1, f2] 6= 0, since dim s′J = 4. Let e1, e2 = Je1 be a basis of s2 and
e3 = [f1, f2], e4 = Je3 a basis of z. We have
D =
(
A 0
0 0
)
, −DJ =
(−AJ0 0
0 0
)
,
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where J0 =
(
0 −1
1 0
)
and A is a 2 × 2 non-singular matrix satisfying AJ0 = J0A, therefore, A =(
a −b
b a
)
with a2 + b2 6= 0. Setting
(20) f˜1 = 1√
a2 + b2
(af1 + bf2), f˜2 = Jf˜1 =
1√
a2 + b2
(−bf1 + af2),
we may assume A = I (observe that [f˜1, f˜2] = [f1, f2]), hence the Lie bracket becomes:
[f1, f2] = e3, [f1, e1] = [f2, e2] = e1, [f1, e2] = −[f2, e1] = e2,
which is the Lie algebra s1 in the statement with the complex structure J2.
(ii) Case s2 is not J-stable: fix e1 ∈ s2, e1 6= 0 and set e2 ∈ s2 such that Je1 + e2 ∈ z. It can be
shown that {e1, e2} is a basis of s2, using that z is J-stable. Let {e3, e4 = Je3} be a basis of z; in the basis
{e1, . . . , e4} of s′J , D and the restriction of J to s′J are given by
D =
(
A 0
0 0
)
, J =
(−J0 0
Y J0
)
,
with J0 as above, and Y 6= 0 satisfies Y J0 = J0Y , which implies that Y is non-singular. Also A is non-
singular and commutes with J0, and using (20), we may assume that A = I . By a suitable change of basis
in z, Y can be taken equal to the identity I and J is then given by
(21) Jf1 = f2, Je1 = −e2 + e3, Je2 = e1 + e4, Je3 = e4.
If [f1, f2] = 0, the Lie brackets of s are given by
[f1, e1] = [f2, e2] = e1, [f1, e2] = −[f2, e1] = e2,
and J is given as in (21). Therefore, s ∼= aff(C)× R2 with a complex structure that preserves the ideal R2
but does not preserve the ideal aff(C).
If [f1, f2] = ae3+ be4 ∈ z, with a2+ b2 6= 0, the Lie algebra obtained is isomorphic to s1 from (i) above.
Indeed, φ : s1 → s given by
φ =


1 0
0 1
a −b
b a
a −b
b a


is a Lie algebra isomorphism. The complex structure J1 on s1 induced by φ is given as in (21). We note that
this complex structure is not equivalent to J2 in (i) since J2 preserves s2 while J1 does not.
• If dim s2 = 4, then z = 0, hence [f1, f2] = 0, D is an isomorphism, and thus D commutes with J .
Therefore, we obtain s = R2 ⋉ R4, where the complex structure on R4 = span{e1, . . . , e4} is given by
Je1 = e2, Je3 = e4. Considering D as an element of GL(2,C), the possible normal Jordan forms for D
are (
α 1
0 α
)
,
(
α 0
0 β
)
,
with α, β ∈ C− {0}, |α| ≥ |β|. Identifying R2 = span{f1, f2} with C = spanC{f1}, we may take α−1f1
and therefore we may assume α = 1, 0 < |β| ≤ 1. Thinking of D now as an element of GL(4,R), this
gives rise to the following possibilities for D, up to complex conjugation:
(22) D′ =


1 0 1 0
0 1 0 1
1 0
0 1

 , or D(a,b) =


1 0
0 1
a −b
b a

 , a, b ∈ R, 0 < a2 + b2 ≤ 1.
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Let us denote by s2 (resp. s(a,b)) the Lie algebra determined by D′ (resp. D(a,b)). Clearly, s2 is not
isomorphic to s(a,b) for any (a, b). Furthermore, it can be shown that the isomorphism classes of the Lie
algebras s(a,b) are parameterized by
(23) R = {(a, b) ∈ R2 : 0 < a2 + b2 < 1} ∪ {(a, b) ∈ S1 : b ≥ 0}.

Remark 4.5. We point out that the Lie algebra s(a,b) from Theorem 4.4 has a bi-invariant complex structure
given by Jf1 = −f2, Je1 = e2, Je3 = e4. Indeed, s(a,b) is the realification of the complex Lie algebra
r3,λ with λ = a+ ib, where r3,λ has a C-basis {w1, w2, w3} with Lie brackets
[w1, w2] = w2, [w1, w3] = λw3.
The analogous statement holds for s2, which is the realification of the complex Lie algebra r3 with C-basis
{w1, w2, w3} and Lie brackets
[w1, w2] = w2, [w1, w3] = w2 + w3.
4.3. s′J = s. A family of Lie algebras with abelian complex structure can be constructed in the following
way. Let A be a commutative associative algebra and set aff(A) := A ⊕ A with the following Lie bracket
and standard complex structure J :
(24) [(x, y), (x′, y′)] = (0, xy′ − x′y), J(x, y) = (−y, x),
then J is abelian (see [5]). Moreover, J is non-proper if and only if A2 = A.
We show next that any 6-dimensional Lie algebra with a non-proper abelian complex structure is obtained
using this procedure.
Theorem 4.6. Let s be a 6-dimensional Lie algebra with a non-proper abelian complex structure J . Then
(i) dim s′ = 3 and (s, J) is holomorphically isomorphic to aff(A) with its standard complex structure,
where A is a 3-dimensional commutative associative algebra such that A2 = A;
(ii) (s, J) is holomorphically isomorphic to one and only one of the following:
(1) aff(R)× aff(R)× aff(R), where each factor carries its unique complex structure,
(2) aff(R)× aff(C), where the second factor is equipped with J2 from Theorem 2.5,
(3) aff(R)×(aff(R)⋉adR2), where each factor is equipped with its unique abelian complex structure,
(4) (s3, J) : [e1, fi] = fi, i = 1, 2, 3, [e2, f1] = f2, [e2, f2] = f3, [e3, f1] = f3,
Jei = fi, i = 1, 2, 3,
(5) (s4, J) : [e1, fi] = fi, i = 1, 2, 3, [e2, f1] = f2, [e3, f1] = f3,
Jei = fi, i = 1, 2, 3.
Proof. (i) Since dim s = 6 and s′J = s, it follows from (O2) in §2.1 that dim s′ = 3 or 4. We show first
that dim s′ = 4 is not possible. If dim s′ = 4 then dim(s′ ∩ Js′) = 2. We note that J abelian implies
s′ ∩ Js′ ⊂ z and s has a basis of the form {e1, e2, e3, Je1, Je2, Je3} with e1, e2 ∈ s′, e3 ∈ s′ ∩ Js′,
therefore s′ = span{[e1, Je1], [e2, Je2], [e1, Je2] = [e2, Je1]}, contradicting that dim s′ = 4.
Thus dim s′ = 3 and s = s′ ⊕ Js′. Note that
(25) s′ = [s′, Js′].
The Lie bracket on s induces a structure of commutative associative algebra on s′ in the following way
x · y = [x, Jy], for x, y ∈ s′.
Setting A := (s′, ·) it turns out that
φ : aff(A)→ s, φ(x, y) = y − Jx,
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is a holomorphic isomorphism, where aff(A) is equipped with its standard complex structure (24). More-
over, (25) implies that A2 = A and (i) follows.
(ii) According to (i), in order to obtain the classification of the non-proper abelian complex structures
in dimension 6, we must consider aff(A) with its standard complex structure, where A is a 3-dimensional
commutative associative algebra satisfying A2 = A. It was shown in [13] that there are five isomorphism
classes of such associative algebras. These algebras can be realized as matrix algebras as follows:
A1 =



a b
c



 , A2 =



a b −c
c b



 , A3 =



a b c
b



 ,
A4 =



a b ca b
a



 , A5 =



a 0 ca b
a



 ,
with a, b, c ∈ R. The Lie brackets on aff(Ai), i = 1, . . . , 5, together with its standard complex structure are
those given in the statement. It is easily verified that these Lie algebras are pairwise non-isomorphic, and
this completes the proof of the theorem. 
Remark 4.7. It is straightforward from Theorems 4.1, 4.2 and 4.4 that among the non-nilpotent 6-dimensional
Lie algebras carrying proper abelian complex structures, (aff(R) ⋉ad R2) × R2 from Theorem 4.2 is the
unique Lie algebra whose nilradical is non-abelian. Indeed, its nilradical is h3×R2. In the non-proper case,
only aff(R)× aff(R)× aff(R) and aff(R)× aff(C) have abelian nilradical (see Theorem 4.6).
Corollary 4.8. Let s be a 6-dimensional unimodular solvable Lie algebra equipped with an abelian complex
structure. Then s is isomorphic to nk, k = 1, . . . , 7, or to s(−1,0). Moreover, the simply connected Lie groups
corresponding to these Lie algebras admit compact quotients.
Proof. The first assertion follows easily from Theorems 3.2, 4.1, 4.2, 4.4 and 4.6. The simply connected Lie
groups associated to nk, k = 1, . . . , 7, admit compact quotients since their structure constants are rational
(see [16]). The existence of compact quotients of the simply connected solvable Lie group with Lie algebra
s(−1,0) was proved in [23]. 
REFERENCES
[1] E. ABBENA, S. GARBIERO AND S. SALAMON, Hermitian geometry on the Iwasawa manifold, Boll. Un. Mat. Ital. bf 11-B
(1997), 231–249.
[2] M. L. BARBERIS, Hypercomplex structures on four dimensional Lie groups, Proc. Amer. Math. Soc. 125 (4) (1997), 1043–
1054.
[3] M. L. BARBERIS, I. G. DOTTI AND R. J. MIATELLO, On certain locally homogeneous Clifford manifolds, Ann. Glob.
Anal. Geom. 13 (1995), 289–301.
[4] M. L. BARBERIS AND I. DOTTI, Hypercomplex structures on a class of solvable Lie groups, Quart. J. Math. Oxford (2), 47
(1996), 389–404.
[5] M. L. BARBERIS AND I. DOTTI, Abelian complex structures on solvable Lie algebras, J. Lie Theory 14 (2004), 25–34.
[6] M. L. BARBERIS, I. DOTTI AND M. VERBITSKY, Canonical bundles of complex nilmanifolds, with applications to hyper-
complex geometry, Math. Research Letters 16(2) (2009), 331–347.
[7] T. CHRISTODOULAKIS, G. O. PAPADOPOULOS AND A. DIMAKIS, Automorphisms of real 4-dimensional Lie algebras and
the invariant characterization of homogeneous 4-spaces, J. Phys. A: Mathematical & General 36 (2003), 427–442.
[8] R. CLEYTON AND Y. S. POON, Differential Gerstenhaber Algebras Associated to Nilpotent Algebras, Asian J. Math. 12
(2) (2008), 225–250.
[9] S. CONSOLE AND A. FINO, Dolbeault cohomology of compact nilmanifolds, Transformation Groups 6(2) (2001), 111–124.
[10] S. CONSOLE, A. FINO AND Y. S. POON, Stability of abelian complex structures, Internat. J. Math. 17(4) (2006), 401–416.
21
[11] L. A. CORDERO, M. FERNA´NDEZ, A. GRAY AND L. UGARTE, Nilpotent complex structures on compact nilmanifolds,
Rend. Circolo Mat. Palermo 49 (Suppl.) (1997), 83–100.
[12] L. A. CORDERO, M. FERNA´NDEZ AND L. UGARTE, Abelian complex structures on 6-dimensional compact nilmanifolds,
Comment. Math. Univ. Carolinae 43(2) (2002), 215–229 .
[13] M. GOZE AND E. REMM, Affine structures on abelian Lie groups, Linear Algebra Appl. 360 (2003), 215–230.
[14] G. KETSETZIS AND S. SALAMON, Complex structures on the Iwasawa manifold, Adv. Geom. 4 (2004), 165–179.
[15] J. LAURET, Minimal metrics on nilmanifolds, in Differential geometry and its applications, Matfyzpress, Prague, 2005,
79–97.
[16] A. MAL’C˘EV, On a class of homogeneous spaces, reprinted in Amer. Math. Soc. Trans. Ser. 1 9 (1962), 276–307.
[17] A. P. PETRAVCHUK, Lie algebras decomposable into a sum of an abelian and a nilpotent subalgebra, Ukr. Math. J. 40 (3)
(1988), 331–334.
[18] E. RODRI´GUEZ VALENCIA, Invariants of complex structures on nilmanifolds, in progress.
[19] S. ROLLENSKE, Geometry of nilmanifolds with left-invariant complex structure and deformations in the large, Proc. London
Math. Soc. 99 (2) (2009), 425–460.
[20] S. SALAMON, Complex structures on nilpotent Lie algebras, J. Pure Appl. Algebra 157 (2001), 311–333.
[21] J. E. SNOW, Invariant complex structures on four dimensional solvable real Lie groups, Manuscripta Math. 66, (1990),
397–412.
[22] L. UGARTE, Hermitian structures on six-dimensional nilmanifolds, Transformation Groups 12 (1), (2007), 175–202.
[23] T. YAMADA, A pseudo-Ka¨hler structure on a nontoral compact complex parallelizable solvmanifold, Geom. Dedicata 112
(2005), 115–122.
FAMAF-CIEM, UNIVERSIDAD NACIONAL DE CO´RDOBA, CIUDAD UNIVERSITARIA, 5000 CO´RDOBA, ARGENTINA
E-mail address: andrada@famaf.unc.edu.ar
E-mail address: barberis@famaf.unc.edu.ar
E-mail address: idotti@famaf.unc.edu.ar
